an earlier lecture the representation π of the previous paragraph occurs a finite number of times, say N (π), in the regular representation on L 2 (Γ\G). The problem is first to find a closed formula for N (π). The method which I will now describe of obtaining such a formula is valid only when π is actually integrable.
Square integrable representations are similar in some respects to representations of compact groups; in particular they satisfy a form of the Schur orthogonality relations. There is a constant d π called the formal degree of π such that if u ′ , v ′ , u, and v belong to H then
If u and v are such that (π(g)u, v) is integrable and π ′ is unitary representation of G on H ′ which does not contain π, then
, be a family of mutually orthogonal invariant subspaces of L 2 (Γ\G) which are such that the action of G on each of them is equivalent to π. Suppose that π does not occur in the orthogonal complement of
If π is integrable there is a unit vector v in H such that (π(g)v, v) is integrable. Let v i be a unit vector in L i corresponding to v under some equivalence between H and L i . The orthogonality relations imply that the operator Φ → Φ ′ with 
Set h = g and integrate over Γ\G to obtain
The sum in the integrand may be rearranged at will. If is a set of representatives for the conjugacy classes in Γ the integral on the right equals
if Γ γ and G γ are the centralizers of γ in Γ and G respectively. The equality of N (π) and the final expression is of course a special case of a formula of Selberg and has been known for some time.
The problem of evaluating µ(Γ γ \G γ ), the volume of Γ γ \G γ , has been discussed in the lectures on Tamagawa numbers. So we shall not worry about it now. Since Γ\G is compact every element of Γ is semisimple; thus our problem is to express the integral
in elementary terms when γ is a semisimple element of G.
If π is a square-integrable representation of G on H, v is a vector in H which transforms according to a finite-dimensional representation of some maximal compact subgroup of G, and
then a recent theorem of Harish-Chandra states that (a)
exists for γ semisimple and vanishes unless γ is elliptic, that is, belongs to some compact subgroup of G. Since Σ contains only a finite number of elliptic elements the sum in the expression for N (π) is finite. We still require a closed expression for the integrals appearing in it.
Let K be a maximal compact subgroup of G. Since G has a square-integrable representation there is a Cartan subgroup T of G contained in K. It is enough to compute the integral (a) for γ in T . There is a limit formula of Harish-Chandra which allows one to compute its value at the singular elements once its values at the regular elements are known. Thus we need only evaluate it when γ is regular. It should be remarked that in this limit formula there is a constant which depends on the choice of Haar measure on G γ . The exact relation of this constant to the choice of Haar measure has never been determined; until it is, our problem cannot be regarded as completely solved.
If γ is regular and the measure on G γ is so normalized that the volume of G γ is one, then
if χ π is the character of π. An explicit expression for the right-hand side has recently been obtained.
Let h be the Lie algebra of T ; choose an order on the roots of h c ; and let Λ be a linear function on h c such that Λ + ρ, ρ = 1 2 α>0 α, extends to a character of T . To each such Λ there is associated a square-integrable representation π Λ and if H ∈ a
. Set C q (Λ, {1}) = C q (Λ). I expect, although I do not know how to prove it, that when Λ + ρ is nonsingular the range of∂ is closed for every q. If this is so then the cohomology groups H 1 (Λ) will be Hilbert spaces on which G acts. Is it true that they vanish for all but one value of q, say q = q Λ , and that the representation π
The following theorem is a clue to the value of q Λ .
Theorem (P. Griffiths)
. Let a 1 be the number of noncompact positive roots for which (Λ+ρ, α) > 0 and let a 2 be the number of compact positive roots for which (Λ + ρ, α) < 0. There is a constant c such that if |(Λ + ρ, α)| > c for every simple root, Λ\G is compact, and Γ acts freely on G/T , then
It is, I think, worthy of remark that if one assumes that H q (Λ) = {0} for q = q Λ = a 1 + a 2 , then a formal application of the Woods Hole fixed point formula shows that if γ is a regular element of T , then the value at γ of the character of π Moreover the following diagrams are commutative.
The point is that d is easier to study than∂ because to study d we can decompose V into irreducible representations and study the action of d on each part.
